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Abst rac t  A matrix derivation is proposed to analytically 
calculate the asymptotic genetic variance-covariance ma- 
trix under BLUP selection according to the initial genetic 
parameters in a large population with discrete generations. 
The asymptotic genetic evolution of a homogeneous pop- 
ulation with discrete generations is calculated for a selec- 
tion operating on an index including all information (ped- 
igree and records) from a non-inbred and unselected base 
population (BLUP selection) or on an index restricted to 
records of a few ancestral generations. Under the first hy- 
pothesis, the prediction error variance of the selection in- 
dex is independent of selection and is calculated from the 
genetic parameters of the base population. Under the sec- 
ond hypothesis, the prediction error variance depends on 
selection. Furthermore, records of several generations of 
ancestors of the candidates for selection must be used to 
maintain a constant prediction error variance over time. 
The number of ancestral generations needed depends on 
the population structure and on the occurrence of fixed ef- 
fects. Without fixed effects to estimate, accounting for two 
generations of ancestors is sufficient to estimate the asymp- 
totic prediction error variance. The amassing of informa- 
tion from an unselected base population proves to be im- 
portant in order not to overestimate the asymptotic genetic 
gains and not to underestimate the asymptotic genetic var- 
iances. 
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Introduction 

The evolution of genetic parameters due to selection must 
be accounted for when predicting the efficiency of breed- 
ing schemes. As genetic variances decrease under selec- 
tion, selection response is reduced after several cycles of 
selection. Under the usual assumptions of an infinitesimal 
genetic model and a population of infinite size, genetic pa- 
rameters are only modified by the linkage disequilibrium 
induced by selection (Bulmer 1971). For discrete genera- 
tions and closed homogeneous populations, several formu- 
lae of asymptotic values of genetic parameters have been 
derived as a function of the base population parameters. 
Bulmer (1971) derived the asymptotic genetic variance for 
mass selection. Fimland (1979) extended this to the genetic 
covariance between two traits under indirect selection, or 
between traits under direct selection and traits under indi- 
rect selection. Gomez-Raya and Burnside (1990) proposed 
a method to deal with index selection, but it quickly be- 
comes tedious when the amount of information included 
in the index increases or when males and females are eval- 
uated with different accuracies. Dekkers (1992) derived 
asymptotic genetic variance for a four-selection-path 
breeding scheme when selection is on breeding values es- 
timated by the method of Best Linear Unbiased Predictor 
(BLUP) under an animal model and when information on 
performance and pedigree has already been accumulated 
before the start of selection. Villanueva et al. (1993) and 
Andersen (1994) extended Dekkers' (1992) result to ge- 
netic covariances between a trait under direct selection and 
traits under indirect selection. A matrix and synthetic ex- 
pression of the same result is presented in this paper. Since 
the basic assumption underlying this derivation is a con- 
stant prediction error variance matrix (PEV), the aim of 
the paper is to numerically examine the consequences of 
using a wrong PEV because of either considering too small 
a number of pedigree records to get the limiting value of 
PEV or to selecting a base population. 
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Matrix derivation of asymptotic genetic variances and 
covariances under multi.trait BLUP selection 

As underlined by Andersen (1994), "BLUP evaluation" is a mislead- 
ing term in deterministic breeding plan modelling because general- 
ly no attention is paid to the estimation of fixed effects. Thus, a more 
correct specification would be evaluation on index selection princi- 
ples with complete information. However, the term BLUP will be 
used since it is the reputed term in pioneering studies (Meuwissen 
1989; Wray and Hill 1989; Dekkers 1992). Moreover, the existence 
of fixed effects is accounted for in our paper. 

The PEV matrix 

A BLUP-Animal Model is considered for one trait: y = Xb + Zu + e, 
where y, b, u and e are the vectors of the n performances, fixed ef- 
fects, breeding values and residuals respectively; X and Z are the in- 
cidence matrices. 

The inverse of the mixed model equations is the PEV matrix (Hen- 
derson 1973). A diagonal element of PEV is var(u-fi), and the reli- 
ability of the corresponding estimated breeding value fi is CD = 
1-var(u-fi)/var(u). 

•  ) '  ~ -  X 'X 
P E V =  0-e 0-e ~ / 

1 1 Z , Z + 4 A - ,  r (1) 
o z ' x  Oe 0-a ) 

where 0 -2 and o "2 are the genetic and residual variances and A -1 is 
the inverse of the relationship matrix. The above equation is easily 
extended to a multi-trait evaluation by considering the residual and 
genetic variance-covariance matrices between all traits. We consid- 
er such a multi-trait evaluation when each animal is recorded for each 
trait (Z = I n for each trait) and when there are no fixed effects (X = 0) 
or only an overall mean per trait (X = ln). 

As mentioned by Dekkers (1992), in deterministic breeding plan 
modelling, the assumption of a constant PEV matrix over the gener- 
ations of BLUP selection is correct for one candidate for selection 
only if pedigrees and performance records on ancestors go back well 
before the start of selection. Such a condition is related to the two 
following points: 

l) Henderson (1982) shows that the PEV is not affected by selection 
if BLUP evaluation accounts for all information (performance and 
pedigrees) from the unselected and non-inbred base population. At 
a given time, the PEV matrix associated with a population undergo- 
ing BLUP selection would be the same as the PEV matrix of the 
equivalent unselected population. 
2) In a practical situation, the PEV matrix would be modified over 
time due to the increase in records and animals, even if condition (1) 
is fulfilled. However, in deterministic modelling of a breeding plan, 
this is not the PEV matrix of the whole population that is considered 
but the PEV matrix of a candidate for selection. The PEV matrix of 
this candidate reaches a limiting value when ancestral information 
has sufficiently accumulated. Consequently, the PEV matrix of the 
candidate for selection can be considered as constant over time. 

The asymptotic genetic variance-covariance matrix 
for four selection paths 

By extension of Bulmer's (1971) approach, the additive genetic co- 
variance between traits j and k for progeny of sex y, born at year t+ 1, 
is: 

1 1 2 
O'jk (y, t + 1) = ~ 0-jk (0) + ~- x__~ 1 VSjk (x,y,t)  (2) 

where 

O~k (0) is the additive genetic covariance in the base population (prior 
to selection); 

1/20]k (0) is the segregation covariance; for traits j and k governed 
by an infinite number of unlinked loci with small additive effects, the 
segregation covariance remains unchanged under selection when in- 
breeding does not accumulate, i.e. when population is of infinite size; 
VSjk(x,y,t) is the covariance among parents of sex x selected at 
time t to produce progeny of sex y. 

Under constant selection over time, the genetic (co)variances tend 
towards asymptotic values. When the subscript t is dropped, the 
asymptotic additive genetic covariance between traits j and k for 
progeny of sex y is: 

0-1j (X, Y) 0-1k (X, Y) 1 
0-jk (y)= 10-jk (0)+ 1 x~__ I (lYjk (X)-- kxy o.12 ( x , ~  i ) (3) 

where 

kxy is the factor of variance reduction due to selection on the xy path; 
CYlk (x,y) is the covariance between the selection index I and the breed- 
ing value on trait k for animals of sex x selected to produce proge- 
ny of sex y; 
0-1 (x,y) is the corresponding standard deviation of the selection in- 
dex I. 

Let us define: 

G o and Gx, the initial and asymptotic genetic variance-covariance 
matrices for sex x. 
Ixy = a'l]xy the index used to select animals of sex x to produce prog- 
eny of sex y. 
C x = Cov(ll fi~y): Var(fixy ) is the asymptotic variance-covariance Y . , . . . 
matrix between true and estimated breeding values, which is equal 
to: 

Cxy = G x - P E V x y  

Wxy : Cxy a 

a'Wxy is a scalar and corresponds to the variance of the selection in- 
dex I• 

In matrix notation, Eq. 3 becomes: 

1 l 2 
Gy = ~ G 0 + ~ x ~ <  (Gx-kxy(a 'Wxy)  IWxyWxy ) (4) 

This gives 

I 
3G1 = 2G0 +G2 (4a) 

- [k l l  ( a 'Wl l ) - I  Wll W;I + k21 (a'W21)-I W21W;1] 

3G = 2 G  0 + G  1 (4b) 

-[kl2(a 'W12) IW12 W;2 +k22(a'W22)-IW22 W22] 

Multiplying Eq. 4a by 3 and replacing 3G 2 by Eq. 4b, Eq. 4a be- 
comes: 

8Ga =8Go 

-3 [k l l ( a 'Wl l  )-~Wn Wll + k21 (a 'Wzl ) - '  W21W21] 

-[kl2(a 'W12)-I W12 W;2 +k22(a 'W22)IW22 W;2] 

The equivalent equation can be derived for 8G 2, and then the fol- 
lowing system of equations is established: 

1 I3 l l l k l l ( a ' W l l ) - I W l l W l l + k 2 1 ( a ' W 2 1 ) - I W z l W ; 1  1 
- 8  1 3J Lk,2 (a'W~2)-I W1 z W12 + k22 (a'W22)-~ W22 W;2 

Under the assumptions of constant PEVxy, the asymptotic vectors 
Wxy can be expressed as: 

Wxy = Wx~ + (G x - Go) a (6) 
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Subtracting G o and postmultiplying Eq. 5 by a, the following equa- 
tion is obtained: 

I ( G l - G ~  l I3 ~ l lk l lWl l+k21W211  (7) 
( G z - G o )  a J = - g [ _ l  ~k12 W12 + k22 W22 j 

Pooling Eqs. 6 and 7, the asymptotic vectors Wxy of size n can be 
expressed as a linear function of their values W~ in the base popu- 
lation: 

- 3 3 k 1 k 1 1+~kl l  ~ 21 ~ 12 ~k22 

l k , 1  l + I k 2 1  3k 3 k 

3 k l  1 3 k + 1 1 21 1 ~k12 ~k22 

l ~ k l  ! 1 3 k 1+3k22 gk21 g 12 

|  

[ Wn  1 
W21 / = 
W12 

w22 j 

w~ 1 
w;, / 

/ 
wo j 

(8) 
Equations 5 and 8 give a matrix formulation of the asymptotic ge- 
netic variance-covariance matrix for a n-trait BLUP evaluation. This 
result was first obtained by scalar algebra (Villanueva et al. 1993). 

The asymptotic genetic variance-covariance matrix 
for two selection paths 

For two selection paths, the expression of the asymptotic genetic var- 
iance-covariance matrix can be simplified when equal accuracy of 
selection is assumed for both sexes. 
Equation 4 corresponds to: 

G -- Go + b (a'Ca) -1 Caa 'C '  (9) 

where 
G---Gl = G2 is the asymptotic genetic variance-covariance matrix; 

b=- k l + k 2  ; k l=k l l=k~2andk2=kz1=k22 ;  
2 

C is the asymptotic variance-covariance matrix between true and es- 
timated breeding values: C = Cll  = C12 = C21 = C22. 

Under the assumption of constant PEV (PEV = PEV0), C = G - PEV 
is written as a function of C o = G 0 -  PEV 0, the initial variance-co- 
variance matrix between true and estimated breeding values: 

C = C o + b (a'Ca) -1 Caa 'C '  (10) 

Postmultiplying Eq. 10 by a and premultiplying by a', the following 
equations are obtained: 

Co a Ca 

a ' C a  = 1 - ~  a 'C0 a 

Consequently, Eq. 9 is equal to : 

G = Go + 1 - ~  (a 'C~ Co aa'C'~ (11) 

The results of Villanueva et al. (1993) and Andersen (1994) are re- 
trieved from formula 11. In particular, the ratio of response for the 
first selection cycle to the asymptotic response is equal to ( l -b)  -~ 
for any trait considered in the BLUP evaluation with all ancestral in- 
formation used. Furthermore, Eq. 11 allows one to compare initial 
and asymptotic genetic correlations for BLUP selection and two se- 
lection paths with equal accuracy. 

Under phenotypic selection on a single trait and discrete gener- 
ations, genetic correlation between any trait and the trait under di- 
rect selection tends towards 0, whatever its initial sign, but the ge- 
netic correlation between two traits indirectly selected can either de~ 
crease or increase in absolute value (Villanueva and Kennedy 1990). 
Stranden et al. (1993) showed by simulation that these results do not 
hold When the evaluation of animals is carried out by the BLUP meth- 

od under a multi-trait animal model. If selection is on a single trait, 
genetic correlation between the trait under direct selection and an- 
other trait (used in the evaluation) can increase in absolute value 
when the initial genetic correlation is low and the environmental cor- 
relation is high and has the same sign. The discrepancy with pheno- 
typic selection is due to the use of selection index weights that ac- 
count for all traits considered in the evaluation. Formula 11 for 
asymptotic genetic (co)variances under BLUP selection confirms the 
results observed by Stranden et al. (1993). Any asymptotic genetic 
correlation rjk between two traits included in a BLUP evaluation 
under a multi-trait animal model can be written from Eq. 1 t as: 

0   ,CDj CD ~ 
rJ k = I 0 �9 (12) 

where 

/~= ~ (/~> o); 
0 0 0 0 e= 1 for O'lj O'lk<0 and e = - I  for (7 00 lk>0 ;  

CD 0 and CD o k are the reliabilities in the base population of estimated 

breeding value I with trait j and k, respectively; C D ~  O'0k ~2 
(oo o0 ) 

The genetic correlation between one trait positively correlated 
with the selection index and another trait negatively correlated with 
the selection index increases under selection. Such a case occurs fre- 
quently for high environmental correlation and low genetic correla- 
tion of the same sign, i.e. the situation described by Stranden et al. 
(1993). For two traits correlated with the selection index in the same 
direction, a negative initial genetic correlation gets even more neg- 
ative under selection. However, there are no generalized general re- 
sults for two traits correlated with the selection index in the same di- 
rection and a positive initial genetic correlation between both traits: 
here the genetic correlation can either decrease or increase under se- 
lection, depending on the initial value, BLUP reliabilities and selec- 
tion intensity. 

If, for instance, CD ~ = 0 (o'1~ •0k = 0), then rjk -- 4 
cD ) 

Consequently, initial restriction of genetic change in trait k to zero 
leads under selection to the increase in absolute value of the genet- 
ic correlation among trait k and another trait j included in the multi- 
trait BLUP evaluation because selection does not change genetic co- 
variances but decreases the genetic variance of trait j. Equation 11 
clearly shows that the genetic covariances and the variance of the re- 
stricted trait remain unaltered due to the weigbtings of a restricted 
selection index a = C ~ k  (Itoh and Yamada 1987). For instance, 

k=  (10)when considering a two-trait selection index with the 

second trait maintained constant under selection, and Eq. 11 be- 
comes: 

Consequences of using approximate values 
of the PEV matrix 

T h e  a b o v e  a sympto t i c  ma t r ix  de r i va t i on  o f  gene t i c  p a r a m -  
eters  unde r  the cons t an t  P E V  a s s u m p t i o n  was  used  to pre-  
d ic t  a s y m p t o t i c  gene t i c  ga in  us ing  the  R e n d e l  and R o b e r s -  
ton  (1950)  f o r m u l a  for  a c l o s e d  and h o m o g e n e o u s  popu l a -  
t ion unde r  B L U P  se lec t ion .  N u m e r i c a l  i n v e s t i g a t i o n s  w e r e  
c o n d u c t e d  in o rde r  to: 



290 

l) establish how many ancestral generations should be con- 
sidered to reach the asymptotic value of the PEV matrix of  
a candidate for selection. The direct inclusion of this num- 
ber of ancestral generations in the evaluation of the candi- 
date overcomes the need for iterations without selection 
described by Dekkers '  (1992) deterministic prediction 
model. 
2) measure the bias occurring in the prediction of genetic 
gain when available information does not go back to the 
unselected base population and when selection index the- 
ory is used in selection and prediction. BLUP maximizes 
the response to one generation of selection. Actually, a gen- 
eral question concerns the long-term selection response. 
Stochastic simulations showed that a higher long-term re- 
sponse can be reached by phenotypic selection than by 
BLUP selection in small-sized populations (Verrier et al. 
1993). Some deterministic comparisons for large-sized 
populations were also attempted and always resulted in a 
better response for BLUP despite a larger reduction in the 
genetic variance for BLUP selection. However, the valid- 
ity of  such deterministic comparision is uncertain. By both 
a deterministic comparison and a stochastic comparison of 
BLUP and selection index asymptotic responses, we want 
to demonstrate that selection index theory cannot be used 
to predict the true response to index selection. 

Parameters used for numerical investigations 

Deterministic predictions were carried out assuming a two- 
path selection scheme and equal accuracy of selection for 
males and females. Selection rates were 50% for females 
and 10% for males. One or two traits were simultaneously 
considered. Phenotypic standard deviation was set to 1.0 in 
the base population for each trait. Investigations concerned 
traits with initial heritabilities of 0.1, 0.3 and 0.5; initial ge- 
netic correlation between traits o f -0 .8 ,  -0.4, 0.4 and 0.8; 
and an environmental correlation o f -0 .8 ,  0 and 0.8. 

Selection was applied on an index that uses records at 
the least from the individual, its n paternal half-sibs, its 
sire and its dam. This index was called the two-generation 
index. Other indexes with more complete pedigrees were 
considered. In the three-generation index, records from the 
four grandparents and the n paternal half-sibs of each par- 
ent were included. In the four-generation index, records 
from the eight great-grandparents and the n paternal half- 
sibs of each grandparent were also added. Finally, in the 
six-generation index, the 32 great-great-great-grandpar- 
ents and the n paternal half-sibs of each great-great-grand- 
parent were included. At each ancestral generation, ances- 
tors were assumed to be unrelated. Table 1 shows corre- 
sponding reliabilities and PEV in the base population for 
different heritabilities. 

Impact of the number of ancestral generations 
on PEV convergence 

If  it is assumed that genetic parameters of the unselected 
base population are known, we show in Table 2 the suc- 

Table 1 Reliability of selection (CD) and variance of prediction 
errors (PEV) for a three-generation index 

Estimated h 2 n= 10 a n= 100 n= t000 
mean 

CD PEV CD PEV CD PEV 

No 0.1 0.20 0.08 0.31 0.07 0.37 0.06 
0.3 0.43 0.17 0.49 0.15 0.50 0.15 
0.5 0.60 0.20 0.62 0.19 0.63 0.19 

Yes 0.1 0.09 0.09 0.13 0.09 0.15 0.09 
0.3 0.27 0.22 0.31 0.21 0.32 0.21 
0.5 0.44 0.28 0.48 0.26 0.49 0.26 

a /./ is the number of paternal half-sibs recorded 

cessive ratios of PEVs for a x-generation index as com- 
pared to a x+l-generat ion index (x equal to 2, 3 or 4) for 
a single-trait selection according to heritability values, the 
number of paternal half-sibs and the estimation of an over- 
all mean over the performances of the candidate for selec- 
tion and its relatives. Convergence of PEV is faster for a 
small number of paternal half-sibs. The estimated breed- 
ing value of the sire is well-assessed for a two-generation 
index since the paternal half-sibs of the candidate are re- 
corded. More ancestral generations are needed to estimate 
the breeding value of the dam accurately since dam's  prog- 
enies do not generally play a significant role on accuracy 
due to their low number (compared to the number of pa- 
ternal half-sibs) in most domestic species. For that reason, 
the maternal half-sibs were ignored in our modelling. How- 
ever, it was verified that convergence of PEV was the same 
for a few maternal half-sibs (below 10) as for none. When 
a large number of the paternal half-sibs of the dam are 
known, the estimated breeding value of the dam is better 
assessed and thus plays a greater role in the accuracy of 
the estimated breeding value of its progeny; consequently, 
the PEV of the candidate converges slowly. When only a 
small number of paternal half-sibs of the dam and of the 
dam's  ancestors are known, the PEV of the candidate is not 
significantly modified by the small increase in the accu- 
racy of its dam's  estimated breeding value. 

Convergence of PEV is greatly delayed by the estima- 
tion of a mean. Whereas a three-generation index is suffi- 
cient to get the asymptotic value of PEV without estima- 
tion of fixed effects, a five-generation index is insufficient 
to get the asymptotic PEV when an overall mean is esti- 
mated. The PEV for a five-generation index is still 3% to 
6% larger than that for a six-generation index. However, 
such an error for the asymptotic value of PEV does not sig- 
nificantly modify the prediction of asymptotic genetic 
gain. The corresponding error for asymptotic genetic gain 
is inferior to 2%. In practice, the impact of the estimation 
of the overall mean would be significantly decreased since 
it will concern the whole population and not only a candi- 
date and its nearest relatives. However, the numbers of 
fixed effects and levels of fixed effects are really impor- 
tant. Hence, the asymptotic PEV in practical situations is 
likely to be obtained only after considering a greater num- 
ber of ancestral generations than is shown in Table 2. If  
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h 2 Ratio of n= 10 a n= 100 n= i000 
PEVs b 

No fixed Mean No fixed Mean No fixed Mean 
effects effects effects 

0.1 PEV2/PEV 3 1.033 1.039 1.058 1.067 1.075 1.093 
PEV3/PEV 4 1.012 1.040 1.014 1.083 1.017 1 .t 17 
PEV4/PEV 5 1.004 1.035 1.003 1.070 1.004 1.092 
PEVs/PEV 6 1.001 1.027 1.001 1.048 1.001 1.057 

0.3 PEV2/PEV 3 1.040 1.119 1.048 1.138 1.053 1.149 
PEVjPEV 4 1.009 1.102 1.008 1.127 1.008 1.139 
PEV4/PEV 5 1.002 t.074 1.001 1.087 1.001 1.093 
PEVs/PEV 6 1.000 1.047 1.000 1.051 1.000 1.053 

0.5 PEV2/PEV 3 1.027 1.218 1.028 1.212 1.029 1.214 
PEVJPEV 4 1.003 1.154 1.003 1.150 1.003 1.153 
PEV4/PEV 5 1.001 1.095 1.001 1.089 1.001 1.089 
PEVs/PEV 6 1.000 1.054 1.000 1.048 1.000 1.047 

a n is the number of paternal half-sibs recorded 
b PEV• 1 is the ratio of the x-generation index PEV to the x+l-generation index PEV 

Table 3 Ratio of PEVs for a 
three-generation index to a 
four-generation index (1000 pa- 
ternal-halfsibs considered) for a 
two-traits BLUP evaluation 
without fixed effects 

Heritabilities Genetic correlation 

+0.4 +0.8 

Rll a R22 R12 RII R22 R12 

0.1 & 0.1 1.010 1.010 0.969 1.006 1.006 0.999 -0.8 
1.016 1.016 1.012 1.014 1.014 1.013 0 
1.016 1.016 1.021 1.017 1.017 1.017 +0.8 

0.3 & 0.3 1.009 1.009 1.078 1.006 1.006 0.987 -0.8 
1.008 1.008 0.999 1.006 1.006 1.002 0 
1.008 1.008 1.013 1.008 1.008 1.008 +0.8 

0.5 & 0.5 1.007 1.007 1.020 1.007 1.007 0.949 -0.8 
1.003 1.003 0.995 1.003 1.003 0.997 0 
1.004 1.004 1.005 1.003 1.003 1.003 +0.8 

0.1 & 0.3 1.014 1.005 0.861 1.008 1.002 0.994 -0.8 
1.015 1.008 1.005 1.011 1.007 1.006 0 
1.017 1.006 1.017 1.014 1.007 1.010 +0.8 

0.3 & 0.5 1.008 1.004 1.010 1.021 1.004 0.978 -0.8 
1.008 1.003 0.996 1.007 1.003 0.999 0 
1.010 1.006 1.036 1.008 1.003 1.006 +0.8 

0.1 & 0.5 1.016 1.003 1.184 1.010 1.002 0.991 -0.8 
1.016 1.003 1.000 1.010 1.003 1.001 0 
1.017 1.003 1.014 1.014 1.002 1.006 +0.8 

a Ri j is the ratio of the covariances of prediction errors between trait i and trait j 

Environmental 
correlation 

fixed effects are ignored, as often occurs in determinist ic  
model l ing,  then two generations of ancestors are sufficient 
to validate the assumption of constant  PEV. 

Table 3 gives the ratio of PEVs of a three-generat ion in- 
dex to a four-generat ion index for a two-trait selection ac- 
cording to the number  of paternal half-sibs and genetic and 
envi ronmenta l  parameters.  If  two traits are considered in 
the evaluation,  the variances of the predict ion errors for 
both traits converge at the same speed as for a single-trait  
evaluation,  whatever the genetic and phenotypic parame- 
ters. However,  the covariance between predict ion errors 
does not necessari ly converge at the same speed as the var- 
iances. Convergence  for covariance is slower if genetic and 
envi ronmenta l  correlations have opposite signs. In any 

case, the variance of prediction error for the sum of both 
breeding values converges quickly. Hence, a l imited num-  
ber of ancestral generations included in the pedigree does 
not greatly inf luence the predict ion of asymptotic genetic 
gain for a global breeding objective. 

Comparison of selection index theory versus BLUP 
theory on the predict ion of asymptotic genetic gains 
and variances 

In the fol lowing section, it is assumed that sufficient infor- 
mat ion has been accumulated so that the PEV of the can- 
didate for selection has reached its l imit ing value for a 
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given genetic variance-covariance matrix. A three-gener- 
ation index is considered without estimation of fixed ef- 
fects. In an alternative index, the average progeny perfor- 
mance of 50 animals is added to the previously described 
three-generation index with 100 paternal half-sibs. In or- 
der to derive asymptotic selection index response, it is as- 
sumed that the population has already reached its steady- 
state under index selection. Thus, asymptotic genetic var- 
iance-covariance matrix and PEV are predicted by succes- 
sive iterations of Eqs. 9 and 1 until convergence. Such a 
procedure corresponds to an index selection theory's  ap- 
proach. Results are compared to results obtained when 
PEV corresponds to a BLUP evaluation accounting for all 
information (performances and pedigree) from the unse- 
lected base population. 

We also simulate a population with 400 males and 
400 females born each generation. In order to compare the 
stochastic and the deterministic results (assuming an infi- 
nite population size), breeding values were generated and 
evaluation was performed ignoring inbreeding. The first 
two generations have undergone random selection. Subse- 
quently, four generations of selection are considered by 
selecting the best 200 females and the best 40 males based 
on their estimated breeding value according to BLUP or 
selection index theory. Because preliminary results show 
that the population size was too small to avoid sampling 
problems for small heritabilities (0.1), it was doubled. 

Selection on a single trait 

Table 4 presents ratios of asymptotic genetic gains and var- 
iances derived under both assumptions on PEV. Asymp- 
totic genetic gain under BLUP selection theory is smaller 
than the genetic gain derived with the selection index the- 
ory, but higher asymptotic genetic variance is found. With 
the selection index theory, calculated PEV is smaller be- 
cause it uses a smaller genetic variance (affected by selec- 
tion). This decrease could be considered an artifact due to 
the fact that prior selection is inadequately considered in 
the selection index evaluation. Thus, accuracy of selection 
appears to be higher and, consequently, asymptotic genetic 

Table 4 Asymptotic genetic evolution: BLUP versus selection in- 
dex theory for a single-trait selection 

h 2 n=10 a n=100 n=1000 n=100 
& 50 progeny 

0.1 AG~JAG~ 0.85 0.87 0.87 0.96 
o-~*/cy~ 1.04 1.05 1.06 1.04 

2 * -  2 o-~ /o- e 1.11 1.18 1.23 1.19 

0.3 zXG~o/AG= 0.91 0.91 0.91 0.98 
0-~*/cr~ 1.05 1.05 1.06 1.02 

O* 2 o-g /0- e 1.18 1.23 1.25 1.19 

0.5 AG*jAG~ 0.95 0.95 0.95 0.99 
0"2"/0" 2 1.04 1.04 1.04 1.01 

2* 2 0"e /0"e 1.20 1.23 1.24 1.24 

a n is the number of paternal half-sibs recorded when the selection 
index includes only ancestral and individual performance 
AG*JAG~ is the ratio of asymptotic genetic gains for BLUP selec- 
tion versus index selection; 0"2*/o -2 is the ratio of asymptotic genet- 
. . . . .  2* - lc variances for BLUP selection versus index selection; 0-e /0-21S the 
ratio of initial variance of prediction error (constant under BLUP se- 
lection) versus the asymptotic value under index selection 

gains are predicted to be superior to those predicted under 
BLUP selection theory. The magnitude of the bias for var- 
iance is smaller (1-6%) than for genetic gain ( l -15%).  
These biases seem to be nearly independent of selection 
rates but highly dependent on initial heritabilities and se- 
lection accuracies. Larger values of these parameters lead 
to better agreement between selection index theory and 
BLUP selection theory. When candidates for selection are 
evaluated without their own progeny performance, correct 
estimation of genetic gain and variance is difficult to ob- 
tain by selection index theory unless very high heritability 
(over 0.5) is concerned. Thus, selection index theory over- 
estimates real genetic progress when a large pedigree is 
considered unless very accurate selection indexes are con- 
sidered; if initial PEV is small, its reduction due to selec- 
tion has no impact on asymptotic results. 

The fact that selection index theory overestimates the 
asymptotic genetic gain and underestimates the asymptotic 
genetic variance is confirmed by the stochastic results pre- 
sented in Tables 5 and 6, respectively. The overestimation 

Table 5 BLUP versus selection index theory for a single-trait selection: simulation results and asymptotic prediction of genetic gain per 
generation 

Heritability Methodology First-generation Second-generation Third-generation Fourth-generation Asymptotic 
observed observed observed observed predicted 
genetic gain genetic gain genetic gain genetic gain genetic gain 

0.1 a BLUP 0.149 (0.015) 0.149 (0.021) 0.149 (0.025) 0.151 (0.023) 0.147 
selection index 0.149 (0.015) 0.139 (0.020) 0.145 (0.023) 0.141 (0.021) 0.172 

0.3 b BLUP 0.397 (0.039) 0.354 (0.042) 0.350 (0.045) 0.356 (0.045) 0.357 
selection index 0.399 (0.037) 0.356 (0.043) 0.347 (0.044) 0.346 (0.045) 0.390 

0 . 5  b BLUP 0.634 (0.042) 0.534 (0.051) 0.524 (0.045) 0.515 (0.048) 0.534 
selection index 0.628 (0.045) 0.529 (0.048) 0.520 (0.046) 0.519 (0.049) 0.562 

a Expectation and standard deviation (given in brackets) correspond to 100 replicates for 400 females and 80 males selected among 800 can- 
didates per sex each generation 
b Expectation and standard deviation (given in brackets) correspond to 200 replicates for 200 females and 40 males selected among 400 can- 
didates per sex each generation 



Table 6 BLUP versus selec- 
tion index theory for a single- 
trait selection: simulation 
results and asymptotic predic- 
tion of genetic variance 
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Heritability Methodology First-generation Fourth-generation Asymptotic 
realized realized predicted 
genetic variance genetic variance genetic variance 

0.1 a BLUP 0.089 (0.004) 0.088 (0.005) 0.090 
selection index 0.089 (0.004) 0.088 (0.005) 0.087 

0.3 b BLUP 0.243 (0.016) 0.238 (0.015) 0.243 
selection index 0.244 (0.016) 0.240 (0.016) 0.232 

0.5 b BLUP 0.378 (0.023) 0.367 (0.024) 0.372 
selection index 0.379 (0.025) 0.370 (0.025) 0.358 

a Expectation and standard deviation (given in brackets) correspond to 100 replicates for 400 females 
and 80 males selected among 800 candidates per sex each generation 
b Expectation and standard deviation (given in brackets) correspond to 200 replicates for 200 females 
and 40 males selected among 400 candidates per sex each generation 

of  the asymptotic genetic gain under selection index is sta- 
tistically highly significant and large: 22%, 13% and 8% 
for heritability 0.1, 0.3 and 0.5, respectively. The underes- 
timation of  the asymptotic  genetic variance is small (be- 
low 3%), but statistically significant. 

The stochastic results show that the asymptotic response 
under B L U P  selection is fairly well predicted. Differences 
between the predicted asymptotic  genetic gain and the ob- 
served genetic gain at the fourth generation of  selection are 
below 4%. There is a slight underestimation (3%) at a small 
heritability, which is not statistically significant. To the 
contrary, a slight overest imation (4%) is found at a high 
heritability, which is statistically significant. This overes- 
timation is probably related to sampling problems linked 
to a insufficient population size when comparing the sto- 
chastic results to the deterministic prediction derived for 
an infinite population size. Asymptot ic  genetic variances 
are well-predicted (errors below 3%), although the differ- 
ences between the observed and the predicted asymptotic 
genetic gain are statistically significant. Asymptot ic  re- 
sponses to B L U P  selection are observed to be larger than 
selection index responses, while the predictions lead to the 
reverse conclusion. This illustrates the inability of  selec- 
tion index theory to correctly predict asymptotic genetic 
response. 

Table 7 Ratio (in %) of asymptotic genetic gain on the sum of two 
traits for BLUP versus selection index 

Heritabilies Genetic correlation Environ- 
mental 

-0.8 -0.4 +0.4 +0.8 correlation 

0.1 & 0.1 87 90 94 95 -0.8 
82 85 88 89 0 
80 84 86 87 +0.8 

0.3 & 0.3 91 96 98 99 -0.8 
86 89 93 94 0 
84 87 90 91 +0.8 

0.5 & 0.5 95 98 99 100 -0.8 
89 93 96 97 0 
87 90 94 95 +0.8 

0.1 &0.3 93 95 97 97 -0.8 
91 90 91 92 0 
96 93 92 92 +0.8 

0.3 & 0.5 95 97 99 99 -0.8 
91 92 95 96 0 
92 91 94 95 +0.8 

0.1 & 0.5 97 97 98 99 -0.8 
94 94 95 95 0 
98 97 96 96 +0.8 

Selection on equally important two traits 

Results (Table 7) are presented for a three-generation in- 
dex with 100 paternal half-sibs and no fixed effects. When 
both traits have the same heritability, all the factors that in- 
crease accuracy of  the selection index (high heritability, 
highly positive genetic correlation, highly negative envi- 
ronmental  correlation) favour the similarity between re- 
sults f rom index and B L U P  selection theories. Selection 
index theory is inadequate to predict asymptotic genetic 
gain for situations with small to medium heritabilities, neg- 
ative genetic correlation and positive environmental  cor- 
relation. 

Implications 

In a deterministic prediction of  asymptotic  genetic gain 
under BLUP selection, PEV must be considered as being 
constant over time. For that purpose, it seems sufficient to 
consider a three-generation index when no fixed effects are 
estimated. One must be aware that if fixed effects are con- 
sidered, a much larger number  of  ancestral generations are 
necessary to reach the asymptotic value of  PEV. 

According to Dekkers '  (1992) results, losses of  vari- 
ance are larger for selection on BLUP than for mass selec- 
tion, but asymptotic response to selection on BLUP re- 
mains larger than the response to mass selection. Here, r e -  
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sponse to index select ion with pedigree  and informat ion 
f rom three genera t ions  is larger  than response  on B L U P  
with the same amount  of informat ion  considered.  Such a 
resul t  must  be cons idered  as an artifact,  which  demon-  
strates the inef f ic iency of  the select ion index theory to con- 
s ider  pr ior  se lect ion and thus to pred ic t  p roper  genet ic  gains 
and var iances .  

In appl ied  " B L U P  evaluat ion" ,  the return to an unse-  
lected base  popula t ion  with suff icient  ped igree  informa-  
tion is only  a theoret ica l  f ramework.  The evalua t ion  and 
select ion of  animals  are rea l ized  with a f ini te  pedigree .  
Base genet ic  parameters  are es t imated  f rom a l imi ted  ped-  
igree invo lv ing  se lec ted  animals  and are therefore  biased,  
which in turn biases  PEV est imates .  Thus,  the quest ion,  
which is not  addressed  here, is whether  appl ied  " B L U P  es- 
t imat ion"  o f  genet ic  gain is l ike ly  to overes t imate  real  ge-  
netic gains,  s ince genet ic  parameters  and PEV are est i-  
mated  f rom a se lec ted  base  popula t ion .  
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